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discussed . 
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r.:. J.OJJC rio:. 

In recew.- Jcarsy t.~t- c.,cscri~)i.l., function ~ethod has been Hidely 

used in the analysis oi' servo r:ec!1anis. 1s containing non-linear ele:nents 

( 1). l'he basic describin3 J\mction technique cons ists of 11 linearizing 11 

the non-linea!· ~Jortion o: the syste .1 by assu .ling that: 

1. :'he i n-out to t!.1e non-linear device is a pure sine ·Have of 

knovm a::1plitude 0 

2. :'he higher ha:c.onics in the output of the non-linear device 

.•:ay be ne2;lected • 

.. l repre sen-t;,at,ive describing function is then calc1.1lated by co-l!-

puting t:1e a iplitude :;ain and phase s hift beh:een the input and the 

fundn. r1ental frequency of the fourier series ex-;_Jansion of the output 

1-Ja ve: rhese techniques 2.re thoroug:lly discussed in standard texts ( 2). 

In so .1e SJSte ·,s , hm:'ever , the presence of the non-linearity 

:!ay cause a D. Ce co iponent to exist in either the input or output 

path, or both. rhis is pari:.icu.larly true Hith dissy.v:::netric non

linearities ( .3 ). A si ·~ilar situation can be caused in many sy"n.rnetric 

syster1s by introducing a ra 'P input. In either case, the D. C. co.::~

ponent Jlay cause a chan:;e in the .1agni tude and/ or phase of the funda-

lental frequency of the out'9ut fro:'l the non-linear ele:nent 9 and it 

.iay result in a siV'lificant change in the stability characteristics 

of the syste . .l . 

It is therefore advantageous to define a generalized describing 

function, based on the follo~ri.l"lg assu ·1ptions: 



~ 

I • ... -l.i .. .aa:r· cl c:; :en lJ is a 'Jure sine 1·:a ve 

'ure -· c. co ~anent . 

2. .~..1e ~1i:;her liar. m.ics in the o:.n::Jut of the non-linear 

ele .. ent :ay be ne ;lected. In this case, the output of 

the non-linear ele :.e::1t my be reduced to a pure sine 

Have su·ne:c:.. nosed on a pure J . C~ co~il~)onent, 't'rhere 

botr1 ter :s . ,ay be evaluated fro 1 the fourier series 

exJJansion of the out~Jut Have • 

.rhe c:eneralized describing function still consists of the 

a.1pli tude gain and :;>hase shift bet:rmen the sinusoidal co:.1ponent 

of t he in:::)Ut and ti1e fu.nda .!ental frequency co.i:ponent of the output 

\'Jave. 

rhe purpose of ttis report is to develop the seneralized de-

s c ribing function for a dissy.T::etric relay and to investigate the 

characteristics of servo :1ec~1anis. :s containing such ele~nents e I'he 

r eport include s a discussion of 1ethods of deteruning the magnitudes 

of the D .. C~ co:1ponents; an analys is of system stability for step or 

disturl..~ance inputs; and an analysis and discussion of the syste.:1 

res ponse to ste!? and rUtnp ir19uts. 

2 



Jj ... _J \ .: •• -._::c:: OF J. C. SIGAL LZV21 .3 

In all cases inves"Li~:ated in t~1is report, it ,,Jill be assu:-1ed 

that the block diagrat'l of the servo.1echanis.1 can be reduced t o the 

for.! shm-m in fiGUre 2. 1, :..here G1 (s) and G2 (s) represent the l inear 

portions of a tYPe 1 servo :echanis:n , and 8-d is the linearized describinr.; 

fu..nction -vrhi.ch represents the non- linear e l e:nent in the sys tem . 

6 · E. I(t) O(t ) e o ~ G1(s) Gd G
2

(s ) 

Figure 2 .1 Block diagram of a servomechanism conta i ni ng a dissy:~-cnet:cic 

non- lineal .. ity ~ 

In addition 7 it vlill be assu .led that the servo loop a ct s suf-

ficiently like a lm-r pass filter so that onl y the first har.1onic and 

the D. c. co:1ponent of O(t) are trans~;d.tted around the loop . There-

fore, for steady state operation 1-1ith sinusoidal , step, ra~:1p , or dis-

t urba.nce i nputs, vre can approximate the i nput to the non-lineari ty 

Hi th equation 2 . 1; and the effective por t ion of the output fron the 

non-linearity can be approximated by either equati on 2 . 2 o r by ~qua-

tions 2. 3 through 2.5. 

3 



2. 2 

? ? 
~ - .J 

I(t) = 1.J + Xsin wt 

a 
O(t) = ....£ + Csin(w t + ~) 

2 

2.5 ¢ = tan-1 

It 1-:ill also be assu:r:cd that a1 (s ) represents a com:9ensator 

having a transfer function of the for~il CX'1:1 ressed in equation 2. 6 ; and 

that G2 (s) represents a !T..Otor- load combination having a t ransfe r f unc

t ion of the fon1 expressed in equation 2 .7~ 

? , , ( ) = k 7T ( s + zi) 
- • b Cr1 S 1 ----

1-·rhere 

2. 7 G2(s) 

7J (s + Pi) 

zi F 0 and Pi F 0 
'1T (s + z · ) = k .l 

2 s77 (s + u. ) • J 

The basic Laplace transfor.:n equations for such a system are : 
._ "-- L---

2. 8 E = ei - eo 
L-- L- .._ 

2. 9 r < t) = a1 < s )( e i - e 0 ) 

2 .1 0 $
0 

= G2 (s) O(t) 

4 



the D. C. co ~<IO:i1ellt oi' "'he ou~J:::uc. fro : the non-linear element depends 

only on the linear ~ain ~f J 2(s) and the a~plied input function, and 

is relatively easy to evaluate. 

rhe equation .for the Laplace transfor:il O(t) can be obtai.11ed 

by using only the transfer functions of the linear portion of the 

syste:n as i n equation 2. 11. 3incc the steady state sinusoidal co::1-

ponents have no effect on the De C~ co:1ponents in the linear portion of 

the syste::-1 , the princi:)le of superposition can be used to elL11inate the 

trans fo r ::s of these components Hhen solving for the D. c. co:npone:nts 

only. The final value theore·.1 can then be applied to obtain equation 
...:.._ ...___ L----

2.12, Hhere O(t)d, e id' and I(t)d represent the laplace transforns of 

the non- sinusoidal co;Jponents of O(t) , ei' and I(t), respectively . 

L__ 

2.11 O(t) 

2.1 2 

s=o 

In order to s i 1plify the follovring calculations, the lirrli ts of 

G1(s) and G
2
(s) as s approaches zero can be partially evaluated to 

get equations 2.1 3 and 2. 11:- . These results can then be sub;:;~. ~-t t-!-,~.1 

into equation 2.12 to get equation 2.15. 

2.13 

= 

5 



' \1 ' ._., I 

:: •Y-0 

rr :,c :; .. , , 
-··------~- ...... rr ! • ' 
v \ S o -" . I S -~ 0 

1T z-· 
- ....... ) --• .. 

•J11 _ j 

... ""or a ste:J ir:~~mt • or cl.istur'·jancc , of . :at_;ni·c.v.de .. o.. , the Laplace 

tra~1sfor·1 of ei is ;ive l oy equation 2.1 ~ • F'or a s-teady state analysis , 

t:1e ini·\.ial ti :e is i·1. _aterial, and co.:1seqt:.cntly the lapl a ce transforn 

of ~ ( t) d cD-n be represented by equation 2 . 17 and the D. C. co ·.1ponent of 

O(t) can therefore be co·--:puted by equation 2.1(". 

L.- "'-

2.1 6 e. = .\u( t ) =fl 
~ s 

"'----' 

2.1 7 I( t)d = .. s 

2 . 13 ao c 2 

[ ~ . J = = 0 
2 r:- - --...--... 

··v2 s !·:v1 
S +O 

.rl. si:nilar ar~u~1ent can be applied t o s inusoidal inputs, since 

i n t his case , eid i s zero. 

For ramp in?uts of magnitude 3 , the Lapl a ce t r ansfonn of the 

input is gi ven by equa~ion 2. 19 , and the D. c. coT-ponent of O( t ) can 

be evaluated by equation 2 . 20 . 
,__ ti-

2. 19 e. Etu(t) 
'Q = =-=:... 

l s2 

2. 20 
ao = s2 [~- .r ~ = B 
2 r<:v s2 

s kv1 " o kv2 2 
'-' '+' 

6 



:1e s 1,er .. in the deno.ni nator of 

G2 ( s ) 110uld be chan~ed to s 1 _:;f1H2. G~on 2a 21 can 'oe derived f o r such 

a syste·1 by f ollouing a lir.e of reasoni.l1s; si .'ilar t o that used f or the 

fi rst order syste.:1~ :!:valuation of equation 2 ... 2·1 shmvs that t he d. c. 

co;::ponent of O( t ) uill be zero for both ste:) and ra:n.p inputs f or any 

sys te.n of order hi gher than one6 

2.21 ~ = k:2[e id- sd;,- J 
s~ 0 

2. 3 D~ C. Levels i n the InDut Path 

In t he precedi ng discussior!, there Has no li::Ii t ation on the 

nature of t he non-linearity re~resented by Gd, since the D. C. com

ponent in the output path is independent of Gd. In general. houever, 

the D.. c. l evel i n t he inyut path Hill not only depend on the nature 

of the sys te:n input a nd the characteristics of t he linear portion of 

the s ystc:·1 , but 1·rill a lso depend on the na ture of t he non- linear ele

ment. 

In many cases the solution for the D~ C ~ co ·::ponent in t he i nput 

path can be extr e .~ely co: ~Jlicated~ and .nay res·ul t in trans cendent al 

equations Hhich can best be solved by graphical "leans (3) ~ 

I t should be noted» hoHever~ that in :·1any cases it is urm.ecessa:ry 

to solve e:-:pl icitly for the J~ Co level i.'11 the ilT?Ut p.?..th in order t o 

obtain t he des cribing f unction curve. This fa ct is particularly Hell 

illus trated in the analysis of the relay servo Hith a ra:~1p i nput, gi ven 

i.11 s e ct ion 4. 2~ In other Cd.ses, such as t~1e anal yses f or step i nputs 

given sections 3.2 and 3.3, the solution for the D. C. level L~dicates 

that f or freque ncy res!)Onses analysis, the J. c. level i n the input path 

7 
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3. 1 Jiscussio~1 of the Describi:1 ~ Function. 

) .. ppendi.,"( I conl.ains the derivation of the generalized describing 

fu.'1ction for a dissy":.-:etric relay uit~ the follm'~-ing characteristics: 

1. 1'he pull-in volta.;e for a positive in~)'L'.t is not equal to 

the pull-in voltage for a nesative input. 

2 . fhe droP-out voltage for a positive inp~t is not equal to 

the drop-out voltage for a negative input. 

3. rne hysteresis for a positive input is not ne cessarily equal 

to the hysteresis for a ne::;ative input. 

4. The positive relay output is not equal to the negative re-

lay output. 

The input vs. output characteristics of such a relay are shmm 

in f i gure I -1 of Appendix I. 

Since nost practical relays have positive and negative outputs 

of equal ::agnitudes, no atte.n:9t ~-ra.s ~.lade to analyze a relay 1-J'ith ur,-

equal outputs, .~.'he ref ore , in the renainder of this report, i t "t·J'ill be 

assm~ed that the relay output voltages are of equal magnitudee 

3. 2 The :Uescribing F;:E1ction for a :tclav Hith no :lysteresis, 

l'he input vs. out~mt characteristics for a diss;y-:n::netric relay 

Hith no hysteresis can be represented by figure 3.1. 

Equation 2. 13 shm.vs that for a servo~1e chanis~1 of the tY?e shmm 

in figure 2.1, the D. c. co::,.'Ponent of the relay output is zero for 

steady state operation after the application of a sinusoidal, step, or 

disturbance input. Co;;~bining this result "'w'n·L.:-1 equation I-15 of Appendix 

I gives: 

? 



... 

rJ, y 

t 
! 

y 

wr-

---- wt=/11 

--.. -·-··· · 

wt = 'lT + t>2 

Figure 3. 1 'fransfer characteristics of a dissymmetric relay Nith no 
hysteresis. 

10 



• 1 , .. L) - ~~E1 - 13:) \.. 

11 

? 8 1 = 132 
____ .__ 

I'he an_:_;le relations~1i?s of equatiu11s I-~-, and I-1 1 of .'\ppendi x I 

can no1-r be in trocluced to solve for t:·1e J e c. co l})0:1ent of the in~)Ut 

ua ve .s.nd to solve for .81 ::::.nd (l2 as s'~.mm belou. 

d - 1.'1 
"'1.. -.-. ~ - I 
i:) -- 1 - ---;:-r-

D d2 + :~1 = sin P2 = . ..----

J }1 . ( 

sin ~ 

co :bi ni nG ::.lds equatior HitjJ eq'lation :;. 2 gives 

3.7 

.2he equatio11 fo :.~ t~ 1e Generalized de scr i bi ng fQ'1ct lon is: 

J.G b 2 
1 

For t:"e diss:~~:r:.letl~ic :cel a;y uith no hys t eresis, the describi ng 

functio~1 i s: 

11 



for ~: 2! d.1 -:- d2 
2 

.!.'a:..;le I is a list of the values of the ;:;eneralized describins 

function for a ~:·clay -:Ji·c.h d 1 + d 2 = 5o 2, and -:: = 1 e A graph of this 

describi ns function is sho~m in figure 3.2c 

r-----· ~ 

X 
,... G,-1 G -1 (db.) -'d Q d - -- -

2 .. 6 0 00 oO 

3.0 .212 L~. 73 
I 

13. 5 

3.69 . 257 3.8q 11. 5 

L: .• o . 242 4. 13 12. 25 

5.0 .. 217 4. 60 13.2 
I 

6. 0 I .191 I 5. 23 14 .. 3 
I 

.1 69 I 15. 4 7. 0 I 5. 92 
I 

8.0 • 1.50 
, 

6.65 16 .. 4 I 

I 
I 

10.0 I . 123 I S .. 13 17.2 I I 
Table I ,!alues of Gd for a relay "td th no hysteresis. 

Squatio!1 3e9 applies only for cases i.11 uhich the r elay operates 

0~1 both sides during each cycle. It is ::10t r.ecessar'.f to consider one-

sided O;Jer2.tion at t:1is :.'oi:-lt, hm-rever, since ·::..his t~'})C of operation 

r equires t~1at the J . c. level i.11 t:1e relay out::mt .1ust be di ffe r ent fro:~1 

12 
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relay outp·~:t . J .. tst be zero for sin :_soiu.al, s te), or disturbance inputs. 

If tl:e D. C. level in the outymt is allm:ccl t o be different fro::l 

zero, as in the case of a ra.:1) irr_::mt, tl1en bo·::-:1 one-sided and tl.:o-

sided o:::-cr2..tion is ·)ossi':)le. :'he subject of rc.:::··) in?uts is t1·eated in 

Chap~er IV. 

3. 3 The :Jescribin~ Fw.ctiorJ. fo:- a :telav ''n.th TiTrstcresis. 

:'he in~ut vs. out-yut characteris·::.ics for a c:issy.rJ..":letric relay 

l·lith :1ysteresis ca.Yl l.;e represented by fiE,"Ul'e 3. 3 • In tl1is case, the 

co·1bined results of equation 2.1'3 fro:1 Section 2.2, and equation I-12 

fro:"l !~ppendix I gives : 

3.10 

3.11 

ao = L( .B + o( - B - fl.. ) == 0 
2 211 2 2 1 1 

,81 + ci1 + o( 
2 

CombininG the an~le relationships given by equations I - 3 through 

I-11 ui th equation I -1 J of ~~ppendix I, ue o btaLn equation 3. 12. 

3.12 

If the hysteresis is tte sa· 1e for both sides of the relay, 

d1 - p 1 = d2 - 9 2, and the an::;le relationshiDs can be evaluated as 

follous: 

3.13 

14 
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Figure 3. 3 Transfer characteristics of a dissyrt.'11etric relay ·t-rith 
hyster~siso · 



3.1-':· sin81 - si~ A1 = 2sin~~- (.81 - ~1 )cos"}(,81 + o<1) 

= 2sD1l (S2 - ~2)cos~(P2 + ~2 ) 

3y co~ :1b:L1in3 t he results of equations 3. 11, 3. 1}, and 3.1L~ , it 

can be shm·m that c< 1 = c< 2 and S 1 = fJ 2 c ':'he D. c. component of the 

input can then be evaluated by equation 3. 16, and the angles can be 

evaluated oy equations 3.1 7 and }. 18. 

- · .. [ d2 + .. 
[ = X .~ 

3.1 6 T d1 - d2 ? 1 - v .. = -2 = 2 2 

sin~1 
P1 + P2 3.1 7 = sino!.. = = R 

2 2I p 

sin~ c:-j_· ~ " d.1 -:- d2 
3.1 = = = ~d ~ ··• 2 

2~( 

i'he general expression fo11 b1 is gi vcn by equation I-1 L~ of 

Apper:.di:: I. Eval'..!~ting this equation by inserting the results fron 

equations 3.17 and 3.1 8 c:;ives equation 3.19. The describing function 

equation, }.20, is the~ obtained by substitutinc equations 3.12 and 

3.1 9 int o equa tion 3.8 , T:1e describing ftmction in this instance also 

reduces to exactly the sa:1e for~n as the describing function for the cor-

responding syf.t-:J.etric relay . 



./ • . 20 ':') 2-!- } - .. d . 

¢ = i:.a.. -1 

.la t le I I contai:11s the values of tho ge neralized describi ng func-

tio:~ f or a r elay Hith d 1 + ct2 = 6 and :-; 1 + p2 = 10, A Graph of t his 

describi n:::; fu."1 ction is s:1m:-.. 1 i:.1 fizu .. re 3 . 4 . 

17 



'~ Gd 
-0 -1 }d- 1(db) Phase Angle A --'d 

5 • 11 )j 1 8 . ~ 26.6 

5.2 . 141 J ?.o:= 17 .o 19. 5 

5.5 • 1.50 5 6.65 16)!· 16 .. 2 

6 • 1 )L;,= 6.46 16e2 13. 2 

7 .1 43 ~ .75 16. 7 10. 1 

~ • 1372 7.23 17G2 8. 33 ,l 

9 .1 265 7.9 17. 9 7.15 

10 • 116: r' •• ,-
v a )O 13. 7 6 .. 26 

11 .1 o: 9 .. 27 19.3 5 .. 62 

12 . 1 00 10.0 20 5.1 

15 . 02018 12.22 21.7 ) .97 

20 . 0624 16.0 24.1 2.92 

30 • 01~·22 23 .. 7 27. Li· 1. 92 

40 . 0316 31.6 29. 9 1 . 4L~ 

50 . 02_51.} 39 . 35 31.8 1. 15 

Table II Values of Gd for a relay vri t h hyst eresis. 
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._,_ J.'-' sa.1e .for bo·c,~l sides of the relaJ, 

the s. C, co .J.JOnent oi I(t) :)eCO'le n.ch ::ore con~Jlex. They are difficult 

to solve 1;i".:.l1 trizono 'Ct.ric rela tionsi1i-ps alone , but it is relatively 

easy to sol vo t' .e . .1 by ~l'a?nical . e (.~1ods us in:; tlle construction shmm in 

fis'"Ure .~.'l1is construc:..ion ca!l L-e developed ir. the follouin~; manner: 

1. ..:)elected a T'ro·e-ractor uith radius 1. 

2. CalciJ~atc the follm-rinc quantities fo r each value of X to be 

investic;ated . 

= ~;1 R 

:{ 

c = )2:1. 

) . Co:-:strucC. fi~re ) .. 5 using the calculated di .-.lensions. 

4 . .:ove the ,::retractor alonz the vertical axis until 

.81 + o<, = .82 + ci2 as shmm on figure ).6. This satisfies 

equation 3 .11. 

fhe construction :;uarantees that equations I-0. through I-11 are 

satisfied if and only t>C1 , ,.8
1 

, cl.. 2 and J3 2 are selected as shmm in figure 

J . 6, e.nd the D. C~ co:w~oncnt of I(t) is established by the center of the 

protractor. _i'i3ure 3.6 therefore represents the desired solution for the 
....., ~ .. 

angles, and • - - 4~..11~ ,. - -rr· 
'.::'he generalized descri~i:1g function can then be evaluated using 

equations J . C, 3. 12 , ax.c~ I - 1!.;-. .l.'able III gives the values for such a 

describing function for a relay uith ) 1 -= ) , p2 = 7, d1 = 2 and ct2 = LJ.. • 

.~.his desc1·ibinz function is nlotted in fiGUre J . 7. 

20 



t 

(J 

t 

... 

r= < ~~---------------------

u ~ 

_t +.._ __________ _ 

Figure. 3. 5 

Figure 3.6' 

RCci,-\JJ 
X 

RCcla+ VJ 
X 

R ( P,- V) 

X 

Figures 3.5 and 3.6 G~aphical construction for solution of equations 
3.11 and I-8· through'I-11. 
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-----·- ----------------·---------~ 

-P ·-------·-------·------...-.-------
.2 -1. ~00 ~ 12'~0 21 .'+ 17.8 

6 .0 -L615 .. 1575 13.4.5 16.2.5 

7.0 -1. .Jb2 "1525 10.2 16.25 

s.o -1. j';{) .1370 17.1 

1 OcO -1 . 520 • 1161.1-

12.0 ... 1.520 00'10 . , / / 5.1 20.0 

15.0 4 .. 0 21.7 
I Val:1es for Gd and rp for lar~cr ·val1..-:es of X are approxi":lately 

the sa:1e as corres)ondi.n: values in t able II. 

I'able III Values of the generalized relay describing function for 

P1 = 3, p2 = 7 t d1 = 2, and d2 = L~ . 

3.4 9 =>:~:~)a~"'ison of Sv·netric and Diss>,1")1tnetric RelaYs . 

Equations J . S and 3.20 indicate that the generalized describing 

functions for dissy 1·1etric relt;ys are exactly the sar:e as the corresponding 

describine functions for s;y:-:::etric relays, provided the dissy:nmetric relays 

have equal hysteresis on each side. A servo:-:1echanism containing such a 

diss;y'ln:nctric relay uould therefore res;_)ond to a sinusoidal, step , or 

disturbance input in a .:·1aP.ner quite similar to a servo contai:r.ing a sy:n-

.~etric relay. 

If the servo response results in a l~-:1it cycle or sinusoidal out-

put , the output oscillatior.s for the sy:·rrnetrical relay 1-.TOuld be centered 

about the position CO~'t;;.anded by the D. c . portion of e .. uhile the output 
l. 

oscillations for the dissy·!lietrical relay uould be offset slightly to 

22 
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..:'~ms t!.e effect o:L :lis~;: ~ Sd"/ .l.s to in·C,1•oduce a steady state D. c. error. 

If tl1e diSSf w:etric rela:." C:oes not ha ve equal hysteresis zones on 

eac':1 side , the ~:eneralized d.escribinr: fu.c''1c t ion :.12-~r be quite different 

fro ~-: the describinc; fw1ction uhich uoulc.l :Je ob::.ained by assun i ne equal 

hyster esis zones and usin::; eqvD.:cion ) . 20 . J·~ co;·:parison of figures 3.4 

a nd 3. 7 i ndicates that those differences ·vrill be relatively "'linor in :-::ost 

~_:>ractical cases . and that adequate results can be obtained by using equa-

tion 3.20. 

J . .5 Verifi C<?.tj.o;: of Pro..,.,osed Describi.'1P" Functions . 

In order to verif~,r the describing fu...11ctions :previously derived. a 

position control s yste:"'l consistinG of t he diss;yrn etric relay and third 

order linear co .. l})Onents "~:JB.s postulated. Linear transfer i\mctions ui th 

typically lov1 pa s s characteristics Here selected fo1· this system~ 

Fi~L'tre 3. 8 is a sche'·la tic of the control syste111 together td. th the 

analog co;-1puter s:i.!':ulatio:1 . ·rhis si::mln.tion l)rovides f or operation of 

the relay under varying deGrees of dissycr'letry and nysteresis. (L!·) 

Fi&,'llre 3.9 i s a ~Tichols Plot of the l inear t ransfer ftmctions uith an 

ar8itrary gain ~actor of 20, 

~~_1 Dissyrnetric ::ela;; ·.:i thout iiysteresis. 

1'he relay 1ras operated \vithout hysteresis and -vd.th a constant 

total dead zone of .5 .1 volts. .t'he plus and minus pull-in voltages 1·rere 

varied on a series of runs to obtai.tJ. various conditions of diss;JT:J.metry. 

3tep i nputs of 10 volts and 15 volt s 1rere applied to the systc:n. The 

gain for t he linear· portion of the s yste:n i:n.s ad justed to different 

values so as to J,Jl e>.ce the linear curve in the desired position on the 
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\ .. i .. c.. s 8::.'io:: of li'lit cycles of various 

a,nplitur.:cs. 

l'a1Jle IV is a su:_Ja:cy of t: .. o results obtained. :'y_l)ical -.. h-ush re-

cordinc;s f'or several values of sys·C.e'1 ~ain and in~Jut Plagnitudes C?.re dis-

~layed in fizures 3. 10 -~1r::·ou~:1 3~ 12, uhich illustrate the predicted steady 

state d ., c~ error levels and sinusoidal c:1aracteristics. 

llelay Jyste ... 1 Observed Li ·1it Cycle Predicted Limit Cycle 
Run Pull-in Gain _-.:.1plitude Fr·equency A-:tplitude Frequency 

1 +2 . 6 ,-2. 5 (' ·':" 4 . 6 2 4.7 2 ;v 

2 +J.1 ,-2. 0 4.S 2 4 .7 2 

3 +2 .f4. ' - 2 c '7 132 ~.o ') 0 .0 2 ,_ 

4 +'i-.0,-1.1 132 '7 () 
I • ./ 2 2 .0 2 

5 +2.0,-3.1 132 23. 1 2 8 .0 2 

6 +3.5.-1.6 132 ., .. o 2 8 .0 2 

7 +2.7,-2 .. 4 C1 4 . 0 2 3. 8 
,., 
( J 

8 +2.7,-2. !.!· 6J .o·1e :~one 

l'a~le I1. ZA."Deri:.tental _;.es :tl ~s lOl' Dissy:r·1e·~ric J.el ay .:ithout rrysteresis. 

Case_ :I ~issy··:·.1et:cic .:-;.ela.J Hith ::;;rsteresis. 

l'he relo.y ;ras O'Jo:..·atc.l -:Ji vll the follouinc characteristics: I;ull 

in, + .9j volts anc: - ;. ~,volts; drop out, + L;. .o volts and- 1. 95 volts . 

:i.'hc sa:.1e _;e;;.eral :;Jroced-;..l:..~c; ~-ias follo-:red as in Case I . . .. su::1.'arJ of resttl~:::; 

3.1 J thro~1)1 ~ . 1 j. 

~· co lP2.l''ison hetucen the 1redicted a;:.d observed values s'lo~;;.--:. in 

ta1}le 1 i:;1dicD .. l:.es the valirlit;~ of t:.e ··Jroposed describi ns :'u!1C~ion for a 

27 



8 , •V v8L'. tha·t 2.. s· :all differer~ce 1Jet\·T88l1 

:...o ~)e e~::9ected since the e:9erit':cntal 

relay ch.::..racteris·C.ics ~·ro:>:e ·~o::, c~:.s.c·tly ·,w.t c~;.cd t o those used for· 'Jredic-

tions. 

.~.'he charactel.'istics of the e::nerL~ental relay uere: 

Observed Li!'1it Cycle Predi ct ed LiJit Cycle 
Rtm Jai n ;~ .:·oli tude :?requency .\mpli tude l<"'requency 

1 620 39 .6 1 -: () 
• J 

!.:{) 1. 93 

2 Lt.'.d'~ 
• (",_J 29 . 0 1. 38 JO 1.90 

3 JOO 1 ) . 2 5 1. 75 20 1. l5 

L~ 172 12. 75 1. 72 12 1. 7) 

5 37 ? .. 15 1.50 6 1 ~ 51 

:'able V. 2:-:perimental :.:.esults f o r Dissy:T::etric Relay ·.:ith ::ysteresis . 
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,.:1e1. a rela::,.- se::.·vo is st:.i· jected to a ste:) or disturbance in:)ut, 

the servo ~-d.ll cit: cr co _-:; c.o rest uhile t~1e error re:·1ai ns uithi n t he 

li<U.ts of the dead zone, or it 1·d.ll enter a l:L :it cycle uhich operates 

eac}l side of the relay duri:1.: each c:rcle. Jjj~~ilarly , ullen a sine input 

is applied j tlle steady state er:::-o r si.::;nal trill either vary i:i thin the 

lini ts of the dead zo:-.e, or il:. oo;:rill ca-: . ..1se t l:e relay to operate on 'ooth 

sides durin:; eacl"l cycle. 

~.ben S'J.ojected co a ra llJ in?J.t, llm-revcr, the error 1:ill never re-

:,:a in in the dead zone. ..:'lle servo OU1.:-put . ;ay co~:1e t o rest, but t :1e i n-

creasin:; r<l!ap si~·;:.:.al i.J.·J. ·~.,:1e in:_TI.lt clmnne l 1!ill al:.:ays cause the relay 

to actuate asail1 . .1.'her2fore, the servo . ~ust e:1ter a lLut cycle Hhen-

ever a ra.:'r_.? input is a:;:Jplied, ·.mless t~1e ra:np si c;nal is so large that 

the relay does not clro::; out. l'his li:1i t cycle ~.J.ay involve actuation 

of 'ooth sides of the rela.- t Ol.' it 1a~r involve only tr1e re-oeated o;_Je ration 

of one side. 

r;~e case in '..rhic11 t:1e l''cla:~ O',;erates 0:1 O:i.UY one side is the 

siuplest, and 1rill be discussed in ~ectio:1 L~ . 2 . 

on both sides, the sol·..:.vior: ~·1ust ·.)e obt.ainec.~ by craphical .1ethocls, as 

ex)lained in ..)ection 4. 3. 

4. 2 Describ"' :r..;; ::'lmc::, i 01~ iol' One-sided One ration • 

. Jhe~:. the rela._,r o:;_Jerates o:1 m1ly one side, the input vs. output 

characteristics can be )Oi~._rc..ycc: ·N figure !.~ .1. l:'he f ourier e:-...'"Pansion of 

the output ~:ave, u:1icl.1 is Jeri ved in .LI.~):;?3ndix I , be co: :es 
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Figur e 4. 1 Transfer characteristics of r elay operat : ng on only one s ideo 
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I, •"'\ ... __. 

•..I 

f\1 - X ( si · B- sin o( ) 
1T 

= X ( cosB + cos d.) '1 1T 

inpu~ , e. = :.Jtu(t) , the D. 8. component 
l 

be co 1bined '::it~l cc;.U2.tion 4 . ·1 to ~et equation 4. 4 

2 . 20 

The equations for the generalized des cribin~ function can nm·r be 

obtained in the follm·ring r.1anner, "tJithout solving ex:_.)licitly for the D. 

C. component of the relay inputc 

1+. 5 a 12 + o12 :.: [,#] 2
(sin28 + sin2o( - 2sin f> sind.) 

[
.,.12 2 2 

+ ~J (cos !8 +cos d.. + 2cos fJ cos«.) 

= [~] 2 (2 + 2cos o(cos .8 - 2sin a( sin 8 ) 

= 2 ~] 2 
[ 1 + cos ( v\ + ~ ) J 

- cos ( 7T - ~ - ,8 ) J 

- cos ;~ rr J 
.... 'V2 

L' . 6 a1 _ s:L"'l ~ - sin d... 1 ~ ) 
I' - - - = tan -( 1-· • o( 

b1 cos.e + cos o<. 2 

4.7 1 .J.1 I ~ = l:.an - · __ == "'f( 8 - o( ) 
t~ 
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~.1is ·O .. u1 . , .... ~s conve~"iant to introduce the trigonor:!etric 

sin.8- sin ~ = 2sin 1(B- o< )cos 1(.8 + ~ ) 
2 2 

= 2 sin {; cos[¥ - ~~'fT·] 
.... !\v2 

= ,.., sin ~ sin B 7T 
·~ -Tr<v 

2 

4.9 sin I s~ S - sin ol.. 
1/J = 

2sin 3 'TT 
~ 

..r..i"v2 

p dt - ""9 1 4 .1 0 sin = 
2Xsi.."1 :S 'TT 

Y!.\v 
2 

The generalized describing funct ion for the ramp input during 

one- sided oper2.tion beco:nes 

L:- .11 G - y 
d - rrx J 2 ( 1 - cos 23 7T ) --w--·\v2 

The relay 1-..rill operate on only one side as long as X is less 

than a critical value, Xc, defined by equation 4.12. 

Lr . 12 X c 
= P1 + P2 

1 + sin ri._ 

If the relay has no hys·i.-eresis , there should be no discontinuity 

in the describing function as the servo shifts from one-sided operation 

to tHo-sided operationa On the other hand , if the relay has a signifi-

cant a~notnt ar hysteresis, there vti.ll , in general, be a discontinuity 

1.-rr~en the shift occurs. 
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for t~1e a:.rplituC.e of t:he sinu.soidal input., The phase angl e expression, 

hoHever , indic.:ttes tl1at the describing function is valid only if 

2sin~ 
.~..1\,., 

2 

lJote that i f the der:.om.inator of this expression is equal to its maXJ.mu: .1 

value, 2 >1 this rest riction ·:erely requires that the peak to peak oscil-
'•• ... 

lations of the sine wave ·dmst extend fro~n one side of the hyst eresis zone 

to the other~ 

For relays nith absolutely no hysteresis, the des cribing function 

predicts absolutely no phase shift due to the relay.. HoHever 9 if the 

relay contains at least an infini tesi:nal a: 1ount of hysteresis, as all 

real relays do , there ud.ll be so:'1e small value of :: for 1-Jhich the r.1a gni-

tude of Gd is defined, and for uhich the phase shift uill be 90 degrees. 

Consequently , the effec·L of hysteresis ~1~us t be considered to be much 

more significant in the case of ra!lp inputs than for other types of inputs. 

The describing flLl1Ct.ion de:'ined by equation 4. 11 can be plotted 

in non-dimensionalized for21 by defining the folloHing quantities 

4 .1 ) z = 

4.14 

l~ . 15 sin 

X 
P1 - a1· 

::: }d(p1 - d1) 
y 

1 I ( ?P t'I'T) = 7fZ 2 1 - CO~YJ(~~ 

¢ = -?-7 -~...;;.1 ____ .=~_1T 
......... s1n __ 

-·'vz 
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• 1 ~) 
--1 

i - \_ 1 

- 1 + ']2 ----
- r 

fhe critical equation for stability beco~~:es 

L~ .• 13 

1.he plol. of I...L 1 , A 
.Jdl r do 

can then be used as c.he ra.np describing 

f1L'1Ction for o:-1e-sidecl O)eral.ion of any relay by s:Lr:1pl y adjusting the 

gain of the linear plot bJ t~e factor y A graph of the de-

scl"'ibin~ function of equat-ion ~~. 11-1- is plotted i n fi~ure 4.2 • 

.::'he ::axi::n.l'~l value of Z for -v:rhich the describinc; .function 1-rill be 

valid is 

L~ . 19 z c = = 

]),DC 

1 + sin o<. 

1'he describing function plot can also contain loci of equal 

values of Jh = Z(l + sin o\ ). These loci \·Jill pas s t hrough points 1·Thich 

correspond to the ~1axi lt:1 value of !. for uhich one-sided operation Hill 

occur for a relay 1d. tl-1 the correS')Ondin~' ratio of dead zone to hysteresis. 

In o:::-der to ootain t:1ese loci, it is 1'ost convenient to first plot 

Z vs 2(1 + sin o{ ) for various ratios of _l . illis requires solvinJ; 
_l\V2 

for t he angle ¢ using equa·::.ion 4-. 15 t~en sol vin~ for the ansle o( using 

equations L~ . 4 and 4. 7. ~he values of Z can then be obtained for constant 

values of Jh a:1d l..hese ··;oints carl -~"r-"e~ ~Je :?lotted on the descri bing functio::1 
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Fi.eure 4 . 5 Illustration of 1-rave shape of I(t) in· non-sinusoidal region 
of ~~p describing function plot. 
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_ c .1~-.- s L 3 vs ... (1 + si:1. o( ) for va:cim)_s 

val\.i.es o.: 3 idfor .c.~.-iO'l o:_ t:.:lese curves Has used to obtai.l1 the 
----~ 

,\.V'"> 
c.. 

curve for J~1 = i 0 ~ 1r::ich is Stlo~m on fi -;ure l.J-. 2. 

It can also ce s:1mm t> . .:1.t t':ere is a li..·u-dng value of phase 

shif·::.. , beyo'!"ld '\;~hich the relay input can no lon:::;er be sinusoidal. If 

') > ;::v-rr 
_, - . _>.L•'-v ' 

2 
sirr._,_soidal operation is possible only if 

!.J· e20 -¢ ' TT - B1T 
~ ... av2 

If 3 < • .511\ sin:.1.soidal operation is possible only if 
v2 

l..J-.21 -¢ 

These l i ..,..iting values are also plotted on fi gure 1+ . 2 . The ·~1.2.thematical 

proof of tl1e li·utation is contained i n Append:L;=: II. 

?he non-sinusoi dal characterist i cs become :::ore and more pronounced 

as ~n; appr oaches ze r o or unit y , a nd as ¢ approa ches 90 de erees. For 
.... 1.V2 

eJW.nple, f orB= .1 Ykv and ¢ = 81°, the solution of equations 4.4 and 
2 

4. 7 requires that ~ = 172° ancl S = 0°. Thi s r equi r e s a -v:ave s hape of 

t he fo~il illus t r ated in fi~ure LJ, • .5 . ':'he correspo:1ding sinusoidal 1-rave is 

s r.m-m in dotted l ines for cor..rpari son. 

4. J s~')erinental ProceduT·es 

As a firs t step tOi:ard the deter~:1ination of a describing function 

for r a ::Ip i nputs , a series of investi gative runs 1rre re made on analog 

control systeiaS . For this purpose ti·ro control sys t eJlS Here si nulated Hi th 

tra~sfer ftmct i ons X ) , and n. , r espect ively . ~:ichols 
s (s + 4 J (3 + 2)(s + 4) 

Plots for these syste7ns are sr-.oim in figure 4. 6 , 
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.,na .. j ;:;-is o. ..,_ ,e r2::;U..1. ts of t~esc :Jrel:L:linary rw1s toz;ether l·lith 

the theoretical conce:)ts uh1.ch had been developed up to this point , 

indica ted the sit;nificance of a l:lara:.~eter for::1ed by the ra tic B 
YKv 

2 

An experi.-:lent 1..Jas t:1en designed to 1101"'0 co::1pl etely explore this feature. 

A series of values for the ratio vB , ranging from 0.01 to 0~90, 
Y..:\.v2 

were selectedQ Several runs -vrere r1ade at each of the selected values 

of the ratio, by varying B and Kv') to keep the ratio constant. The 
<... 

relay l·Jas operated at a constant value of hysteresis and data 1·Jas 

recorded for both the second and third oroer systems. The reduced data 

is shm-m in table VI, and on a ~Jichols Plot in figure 4. 7. 

-~1 exa~ation of the data plotted in figure 4.7 leads to the 

formulation of certain conclusions. Since each set of li.rnit cycle condi

tions, plotted for a constant value of --1L , see:ns to lie on a single 
YKv2 

curve it appears that a describin~ function curve exists for each value 

of this ratio. The fact that the limit cycle conditions obtained for 

the second order system substantiate the pattern established by the 

third order syste:n. even :mre clearly illustrates t he existence of a 

describing ftmction. The nature of these describing function curves in-

dicates t hat they Hill extend across all phase angles from -90° to - 180° 

if the curves are extrapolated beyond the region of plotted data. This 

a grees l·rith intuitive reasoning that a 1~-nit cycle must exist for all 

t ype I systems uith ramp inputs t tmless the system is incapable of fol-

lm·ring the ramp. 



~"\~. ir'q_~l~! ... ~~:~~ 
~ .:.~·eo. ~{ P:1ase Gel- 1 

3 YlCv r:J.c~/;ec volts .~ .. nglc db 

• .5 . 01 

• .5 .02 

1.0 . 02 

• .5 . 0.5 

1.0 .0 .5 

1 • .5 .. 0.5 

2.0 .0.5 

2 • .5 .0.5 

• .5 • 1 

1.0 w 1 

1 • .5 • 1 

2. 0 .1 

2 • .5 .1 

3. 0 .1 

1 • .5 • 3 

3. 0 . 3 

1 • .5 • .5 

2.0 . 5 

2 • .5 • 5 

2. 0 • 7 

2.0 . 9 

• .533 

. 61 

.683 

• 796 

. 862 

. 932 

1.03 

1.12 

1.21 

1.35 

. 932 

. 472 

2. 40 12.5 23.5 

3.67 130 28.2 

1.65 

2.26 

2. 9.5 

3 • .51 

4. 70 

4. 60 

2.10 

1.03 

1.1 1 

1 .. 16 

134 30 .5 

131 

142 

146 

147 

149 

155 

166 

1.53 

156 

161 

147 

122 

21.. 7 

23.3 

30. 1 

4-.,0 

5,6 

.5.8 

5.7 

11.7 

§econ~. Order Syste:'l 
1 Freq" X Phase Gcl-

rad/sec volts Angle db 

. 924 

1..08 

1 • 51.5 

1. 38 

1.965 

2.40 

2.73 

3.14 

1.65 

2.325 

2. 86 

JeJ1 

3.92 

3.31 

4.72 

2 .. 86 

3.4o 

2.L: 1.5 

2.0 103 34.5 

1.L~7 106 26.7 

1 • 9'-1- 111 29 . 9 

0. 9 5 1 )9 16. 5 

1.21 116 19 .0 

121 20.2 

1 • 56 124 21 • 3 

1.6? 128 21.8 

.72 

.86 

.97 

1.10 

1.29 

• .55 

.60 

.57 

.62 

112 8.9 

120 10 .. 9 

12.5 12.2 

129 13.1 

132 14.1 

134 19 .1 

129 1.2 

14o 2.3 

12.5 -1e 8 

130 -1. 3 

13.5 -1.1 

121 - • 1 

103 6.6 

I'able VI . l:ata obtained i."r'l experj::lental deterj~J.i.1J.ation of describil"lC 

fun.ction for rn.""'lp inp-;.tt. Sec figure L~. 7 for plot. 
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;.nother J..J. ·restin:; fact observed fror.1 the plots in figure Lr. 7 is 

syrnrr.etry a)Qut the value ~ = Oc j~ 
YKv 

2 

co:incides lnt:n that for 0.,6 w the curve for Oo3 coincides uith that for 

0.7 etc. 

4.,4 Verification of the Prop_£§ed Describinc· F\mction 

Although the experi:.1ental results presented in section 4 . 3 con-

firi:Ied the existence and to so~ne degree the nature of the describing 

function, another experi:'tent Has designed to explicitly verify the 

theoretically derived descri bing function. In addition to the second 

and third order contro"l, systens previously sir.J.ulated, a~ fourth order 

syste:n with transfer ftmction K ·uas used. In con-
S(S + 1)(S + 2)(S + 4) 

ducting these runs the gain of each linear syste-::'1 1-ras held constant so 

that the linear curves could be superjm)osed on the plot of describing 

function curves, and the predicted litni t cycles -r.mre obtained fro~n the 

intersections. The value of the ramp input -vJas varied in order to obtain 

different values of the ratio B 
-e 

YKv2 
The hysteresis lJas set at approxi-

mately one volt and held constant throughout. I~ichols Plots of the 

three linear systens are shmm in figure 4.6 an:l the nond:L-r.ensionalized 

describing function curves are shovrn in figure L~ .. 2. :'he predicted and 

observed limit cycles for each syster:~ are co.1pared in table VII. The 

Brush recordin~s are displayed in fi::;ures 4. 9 throur;h 4 .. 21. 

Since so~"le of the predict:;d li..rni t cycle values shmred dis-

crepancies of 25~~ or ;;:ore fro~n those observed, it is felt that a dis-

cuss ion of error sources is "l·rarranted here. First of all the inherent 

errors of any clescrib:L"1g function analysis are present , that is the 
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?ourt}1 Order Svstc:rr 
B ::i.ecorded Predicted -1--, 

1.:>.c,rror -f.,., 
1J.:.!Jrror 

J:lln l1:v X Jrcqs X Freq. X Freq. 

1 .. 05 • 201 3c16 .,209 Jll29 .. 1.50 3 .. 9 23.9 

2 .10 e.562 3 .. 00 .. 366 2. 1-S .,L~l+ 27 .. 3 20.2 

3 .20 1. 12.5 2.89 .. 61 2.12 • 7.5 2.5 .. 8 23.0 

!} . 30 1 .. 687 2.79 .743 2.3.5 .37 1.5 .. 7 8.2 

.5 • .50 2., 312 2o73 .8.50 2 .. .56 . 93 7.6 9 .. 4 

6 c 70 3.937 2 .. 7.5 .722 2.35 .87 1 L~ • .5 21.0 

7 .so LJ. ~ LJ.oo 2., 8.5 • .572 2.12 II 7.5 22 .. 0 30.0 

~hird Order Svstem 

1 .0.5 . 231 1.74 .379 3 .. 21 .. 170 8L~!t0 .5.5.0 

2 .10 e.562 1.60 .679 1.77 • .56 10.,6 17 • .5 

3 c20 1 "12.5 1 .L:-9 1 .. 17 1.32 L,22 11 .L~ 4.3 

4 .30 1. 687 1. ~.() 1.48 1.32 1.60 8.6 8. 1 

5 .50 2.812 1.36 L67 1.40 1.85 2.9 10.4 

6 8 70 3.937 1.45 1.39 L32 1.60 9 .. 0 1'-~ . 3 

7 .80 4., 14-00 1 e .53 1c07 1.32 1.22 13.7 11.!·.0 

Second Order Svstem 

1 .05 1.0 1 .. 21 1 '96.5 2.,.52 • 7.5 108 62.0 

2 .10 2.,0 1o 10 3 .. 31 L . .56 2cL~ 41. 8 27 • .5 

3 .30 1..5 . 62 3.31 c.580 3.37 6,4 1.8 

4 .50 1.5 .57 2.86 .'-}90 3.00 114-.0 J.~. 9 

.5 • 70 2.0 .. 57 2.41 .5')4 2.40 11 .. 5 0.4 
, 

.90 2.0 .62 .967 1.25 0. 34 101. 5 6.5 .0 0 

Table VII. Recorded and predicted li~it cycle values for ra~p inputs. 
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descrioi~Y; ... '~.u.ctio" • ...-·red.icts tnc ratio of the fur:.da::ental sinusc idal 

cor.190nents of the i.11'1Ut ar..d output si~1als. In many of t he runs con

ducted (larce and s:.;1all ratios of s,~ ) the input to the non-linear .... \,..-: 
element uas decid.ely non-sinusc id1l4 'fhis can be appr e ciated by 

exa1U.ning the 3rush record.J.ngs. It should be noted tha t the value 

r ecorded for the ex:perimental value of X -vras si~1ply t t he peak t o peak 

ampl itude of the relay input, l-Thile the value of X predicted by the 

describi11g f unction is the amplitude of the fundamental f r equency 

co:1pcnent . .\ppendix II shmv'S that for values of_]_ r1ear 0 .1 or 0~ 9 , 
y~~ 

and f or va l ues of¢ near 90°, the pull-in angle approa cl::es 130°, thus 

requiring an e::tre1~ely non-sinusoidal i.11put sienal 11:ith a peak to peak 

a·:1pl itude vrhi cr. approaches i the anplitude of the fundamental frequency 

cotiJ:oonent as illustrated by figure /~. , 5 .. 

D1 section 4. 2 and appendB: II the lL~its fo r sinusoidal opera-

t ion are dis cussed and the area defi.11.i ng these limi t s is shmm on the 

describi..'1g function curves in figure 4. 2 . It can be seen from the table 

of predicted and observed values that the errors a re largest outside 

the a r ea of sL'1usoidal operation, and that the predict ed value s beco~:1e 

increasingl y more accurate as the area of sinusoidal operati on is ap ... 

preached . 

Another consideration in evaluating the discrepancies betlmen pr e-

dieted and observed values is t~e sensitivity of the des cribing function 

t o hysteresis . The analog sir.lUlation of the relay employs tv:o d. c. 

a:1plifiers in the analo~ co,;1putar, set to high ga i..'1 values. It 1ms not 

unco 111on for the drift in these a::1pli.fiers to caus e changes in the 

hysteresis settin::.; of several tenths of a volt. In order to gain an 
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appreci:;.L.iOl .... Co:c' ,c :a ,u..L t'lK.e of er:~ors introduced by s .1all changes in 

hysteresis, a r·e:Jresentative syste:n containing fourth order l inear co>n-

1)0nents 1ras e::a::~i.ned~ The :.~esul ts of this exa.ni nation a re shmm in 

table VIII and graphically dis~)layed in fi~ure 4.8. The extrene sensi-

tivity of the anplitude to hysteresis changes is evidente I t is a l s o 

noteuorthy that these errors are essentially invari ant 't·dth the ratio 

In conclusio:1, after careful analysis of the data recorded , it i s 

apparent that the i:;;eneral validity of t~1e proposed describi ng f unction is 

proven . Specifically , -o;,r!:len intersectio:1 ·Hith a descr i bi ng fm1ct ion curve 

occurs 't·Tithin the area defined for sinusoi dal operation the amplitude 

and frequency of the liini t cycle are predictable 1-Ji thin 10 ,~ error. \·Jhen 

the intersection occurs outside of this a r ea proportionately great er 

errors are e~uected , but reasonable and usef Q1 estr.1a t es can be obtained. 

J.: •• 5 .i.'he ?.a.:llJ DescribirH! Function for 11-m-si ded ODerat ion . 

If the sinusoidal component of the r elay input is great er t han 

the critical value of Xc defined by equ<:'.tion LJ •• 12 or L~ .. 19 , the system 

t·rill enter a lirlit cycle in l:Jhicn both sides of the rel ay a r e actuated 

during euch cycle. L'1 this case, the pull-in and drop-out angles 1-:1.ust 

satisfy equation J.: •• 20, uhich is obtained from the simultaneous solution 

of equations 2.20 and I-12. 

L~ . 22 

In order to evaluate the describing ftmction for a relay vdth 

hysteresis it is necessary to obtain the si:ilul taneous solution of equa

tion 4.22 and equations I-J ·t.hrouc~l I-11. This solution can be obtained 



- -

~i I 
.30 I o90 1 e 1 1.2 

~ 

,~~rror ;srror '~Error __,E D 
fb3rror 

-~ 

)~rror :~srror 
' /:iSrror I 1J rror 
.L v :I X .. X T T •r :J ... .. •• A 

.3 -30o8 -4. 6 -16.,3 -..1£2 +15.7 +1..2 +33.6 +2.3 

L•, . . -30. 2 -2. 2 ..... 16. 3 -1 0 1 +15c9 +1 01 +35 .. 1 +3 .. 3 

.5 -31.3 .., ") 
-.)~.) -16.1 .... 2.2 +15o7 +1.1 +35w3 +2.2 

.6 -30~2 -2a2 -16oJ -1.1 +15 .. 9 +1.1 +35.1 +3.3 

.7 -30.8 -4 .. 6 -1 61>3 -1.2 +15.,7 +1.2 +33.6 +2.3 

·ra ble VIII. ::rrors in predicted amplitude and frequency resulting fro::-:1 

s:.1all relay hysteresis errors., Zero error condition is 

for p- d = 1 oO. Data Sh01\11 is for a syste~n vrith fourth 

order linear co:nponents : 

2 
-s(S + 1) (s + 2) (s + 4)-
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J~" •• 1or constam ... values 

__ ·e ,..~b: J .. neu f\.r any co:·lbination of 

:.::an ~n turn be used to calculate de-E..1L 
YK 

V? 
scribinr; funct~cr. cut vt. ·::. .. -'1ir.::h uili be va1 id for t"t-JO=Sided operation~ 

Unfortunately i tl1~s nethoec is nc·c E.as~ly adapted to a non-dir.1ension-

ali zed for:.11. Cor.sequent ly it n_;_s t ncr.-:1ally be calculated individually 

for each relay to be investir;atecL 

The solution 1 s sl i.r;htly less co:·1plica ted for a relay Hi thout 

hysteresiso rhe transfer cha:racterl,Stics for such a relay are shmm in 

fi gure J .. L In this ca.se 9 o( = tS and o<. 2 = ,S
2

, Therefore the syste:n 
l ! 

of si-nultaneous equations Hi1ich nust be solved i:-1 order to evaluate H 

consists of only equation 4,23 and equations I ""'9 and I-11e 

The equations for' the coefficients of the funda1:.ental C'O:'lponents 

of the f ouri er series expansion of O(t) reduce to 

ho~24 a~: = C 

b 

The solution can be Sl .• pl1fi.ou. further '0y not~ng that 

70 



.~j v VI..,. l\) )!-) v vo...Lned fOI' a s:rste_;! containing 

an ideal relay" J.n LhJ.s case ~.-Eere is no dead zone~ and /11 = = S 2 .. 

Therefore equation 4,27 "Gd.J.ces to equation L~ .. 23 and the describing 

f unction can ~ exoresseu. 'oy equation L~o29o 

4e29 

bl = h'; cos 
7T 

It should be noted that t~1ere trill >e a discontinuity "oet1-;een the 

describi ng fu..'l.ction for one=sided operation 2nd the describing function 

for t Ho-sided operation Hr1enever there is a significant hys teresis effecte 

Therefore , if tJ.1e system is operatinF-; on only one side~ and a s:nall 

change i n input or gain causes the error signal t o change so that 

X > :{.: , the syste.1 out:smt :"'lay change radically~ 

I t is possible ti:at t:1is discontinai ty ··my hel p t o predi ct so:-:e 

t ypes of 11 j1.lr.lp resonance 11 found in relay servos. Suppose, for i ns tance, 

that the systen is subjected tc a SiDU.SOidal innut~ $ . = .\.sin W t, snch 
• ~ 0 

If W
0 

is ."1uch less than the natural frequenci e s 

of the sys te,-:;., the servo -vrill behave as if the. input s ignal were a 

slm-rly changir.g ra·1? uhich has a _ !8.X::bru.:1 slope of A w 0 a t w
0 

t = 0 and 

decreases to zero a L w t -=- 7f 
0 2 6 

~;m·I suppose t:·1e s ste::1 characteristics are such that the relay 

uill ope rate on only one side l-:hen w0 t = 0~ Then the initial operating 

point uill be deter.:i11ecl b~,. the ra>'Ip dcscribmg function for one-sided 

operation. The operating ':JOint v2ll tend to travel along the linear 

curve, 1-rith the instantaneous O)e~ating point being deter-:1ined by setting 



If the llncar {;•.J.rve erosses the critical curve of Dh for the 

relay used ? the oper·ac.L.'1:; ~)OJ.nt llill eventually reach a point "tvhere one-

sided operation can no longer occur 0 and a t~rm-sided limit cycle ·Hill 

result.., During the next portJ.on of the cycle, the servo -vd.ll operate 

in accordance uith the describing function for tuo-sided operation. The 

servo l~ill return to one.,..siC:.ed operation uhen X decreases so that 

~ ;a: X ( 1 + sin O(n) , i<Jhere both X and 0( n are deter.mined by the 
Pn- ~ 

t"t:o-sided describing function,. 

In general~ the ~:1ag-.nitude of the syste:n output ~;Jill "jurap" to 

a larger value when the relay shifts fro:n one-sided operation to tuo-

sided operation 0 and 1-rill "junp 11 to a smaller value 1rrhenever the relay 

returns to one .... sided operation~ due to the discontinuity bet"t1een the t-v;o 

describing functionso There may alGo be a change in the frequency of 

the li.-,it cycle l:hen the shift occurso Both the frequency chanee and 

na gnitude change can easily be predicted once the describing function 

curves have been plotted o 

4 o6 Extension of the Ra.'71o ::Jescribing Fw1ction to Other Tpes of l:on-

linea:::-itieso 

The ra~? describing f~1ction can be extended to apply to other 

types of non~linearitieso In general, the fourier series expansion of 

the output '1-r<lVe Hill e;ive several equations of the follo-vJing t;ypes ~ 

1 o )~ relationshin for a 0 similar to equation I-3. 

2o Relationships for a 1 and b1 s~nilar to equations I-5 and I-7. 

3. Relationships for all angles involved, si111ilar to equations 
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...>J..l1C~ e '_'"td.,.1.~.- J. '- l ~. )lleS for any non-linearity, i t can be 

co.;lbi{leu 'tvl th i:.he fo~lrier equivalent of a 0 to get a relation betueen 

t he ra:np .nagnitude and the angles involved, similar to equation 4.LJ-., 

This in turn can be conbined lrl.th the angle relationships to solve for 

the d "c" co;nponent~ ..ro Once ;·J is evaluated, it is a relatively simple 

matter to evaluate the equations for u.1 and b1 and substitute these 

values into equation 3o8 to obtain the describinG function. 

It should be noted~ ho-;·rever~ t hat the transcendental equations 

i."'lvolved 1:ill beco:ne more complex as the nature of the non-linearity 

becomes more co:nplex 9 and the solution of these equations nay become ex

trertely difficult~ In addition 9 other types of non-linearitics may have 

different modes of operatio!1 corresponding to the one-sided and tl·JO

sided r:1odes of operation for the relay servomechanism, and there may be 

discontinuities betv;een the describing functions for these different 

~odes. 

Thus a complete analysis 1dll require the evaluation of a separate 

group of describing function curves for each mode of operation, along 

vrith a set of li:nit ~u...ryes to define t he points at uhich the system 1-:ill 

shift fro1'1 one mode of operation t o another., 
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Duri."lg Ghe cou.rse of this i.nvestic;atj_on, several interesting 

proole:1s 1:-ere ll.O ::.ed uhicJ.~ ~p::;eal~ed ·::,o be uo r thy of further study. -:L'hesc 

sur;gested subject s are: 

1. •· .. co:nprehensive study of the effect of different types of 

dissy::t-:J.etry on syster.s conta i ning different t;;"_pes of non

linearitieso 

2. .·~ :1ore ex.l-)austive analysis of the r Z. /lP describing function 

f or a relaJ servo, 1echanis;·1 in 1:-hici1 the relay operates on 

both sidesQ This analysis should include an investigation 

of the discontinuity bet-vmen the describing function for one

sided operation and the des cribing function fol'' t1,ro-sided 

operation to deter. :ine ':Jl1e-Ghcr or not t hese describing 

functions can be used t o predict certain t;y:oes of 11 jtU'i'l::_:> 

r esona nce ! I effects~ a s suggested in section 4. 5. 

3o A thorough study of the e:h."tension of tne ra -.np describing 

function to non- linear devices other than t he relay uould also 

be valuable to dete rmine the effect of ra~~1p inputs on systems 

containing such elentent s. P-Yl outline for the procedure for 

su.ch an investi,;ation is given in section L-1-.6. 
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· APPE:WIX I 

D3fUVATIOl1 OF THE JS~m~>LIZED DESCRIBI:JG FUNCTIOIJ 
FOR A DISSTI METRIC RELAY 

A., Input vso output characteristic:so 

I , 

I 
I 
I 
I 
I 
I 
I 
I 

I 
~w 

Y, 

J 

--- wt:: "• 

-~---\-------- w t 1: 1r ~o o<z 

---+----.....;.....-- Wt • 211' ·IJ~ 
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• 1 -

=-1 I' ) 
v\v 

-., ( "-) V\v = 

o(·~) = 

O(t) = 

C:(t) = 

. 

\... 

y1 

0 

,,r 
-'-2 

0 

t w '-' 

0 < Wt, $ o( i 

11 ~ f3
1 

S Wt S'TT + o( 
2 

'TT + d-. 2-s. wt < 21T- $ 2 

2rr - 13 2 s- w t ~ 2 rr 
Fourier series ex---)ansion of ot.·.tp"L~t t.rave 

2.2 O(t) cos w t + b1 sin w t 

.1 

2.J O(t) = :::.£ ·+ Cs in(w t + ¢) 
2 

2 . 5 ~ = tan- 1 a1 
b.t 

I - 2 

z1cos w t d wt + 1 
1T 

- Y2cos wt d wt 



=-5 

I-9 

I-1 0 

b· 1 

sin o< 
1 

sin ,B 
1 

sin o(
0 
"""' 

! -1 1 sin ~2 = 

-11 ... ~1 
= ~y--

Pz - \1 
= 

X 

c. r:-:~c describin: fufi ~ c.ior: .• 

= Rei. 
1 

= "") 

--:_;2 

:'he ::;:::.!eralized C:.escri'oin:; ftmct .. ion is: 

1 ·-a .J.an 

IJ - sin ~ ) 
f.J 2 2 

If '.x>th sic.cs of the l'ela:r are actuated on each cycle 9 equations 

strictions s I:£' "L!"le re.::..<-.~ is or:.ly ::;artially actuated, the same equations 

;-:ay still ":Jc usee: rovi cc1·tain 2-:1slos are defined as f ollo-us: 

If ""' > 1. tl.e. J,too-1)""" , n = 1,2 
...... l 
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-,, ") < -1 t .:.hen d.. = - 1T 
.i-J.. -·~., n -2 ~-n 

n = 1,2 

If ") > ·j ' thc~l ~ = 7T 
• 'd.!"l 11 2 

n = 1,2 

If =\~ -1, then 13 = =lT 
'n > n 2 

n = 1,2 

D. S··)ecial Cases for -::1 = .~. 2 

I f 1.1 = r 2 = Y, e q""J.a t ions I-3i I-5, and I-7 reduce to 

y 
.B1 o<. 1 ) I-12 ao = :;r< e 2 + o< 2 - -

I-13 a1 = tCsin 13 .1 - sin o< 1 +sin $
2

- sin ol. ) 
·2 

I -1 4 b1 = ~(cos !3 1 + coso( 1 + cos ~ 2 + cos o< 2) 

If Y.1 = Y2 = Y and the relay has no hysteresis, then ol. 1 = !3 
1 

, 

and o< 2 = /> 2 , and equations I -12, I-13 and I-14 reduce to 

If Y1 = Y2 = :: and the relay oper~tes only on the positive side, 

+hen /J 
2 

__ .o. o( ,... --/). -~ '~h ' · t b d d f · · 
... {-.) , v .~.: c suoscrJ.p s can e rop?e or convenJ.ence m 

._. 2 

lrriting, so t hat equations I -12, I-13, and I-'lL~ reduce to 

L; •• 1 

L:-.2 y . 
a 1 = -(sJ.n /3- sin d... ) 

1T 
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,,.. 

! '· "· ' . -' 
~- 1 = .:;T(cos {3 + cos o( ) 
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and 

._ I ... ~-J. v_ ' ., 
\,..._ -- -1 ~ .... - --

,:1e1:. .:..:..e l'Ola:r o~1crates 0.1 o~1ly one side, sinusoidal operation 

II-1 

II-2 

, = B- ~ 
'f' --z-

(3 = 7r ' i(T 
2 - -,...--

... ~"v2 

II.. = 'iT - rr - __:_.. -
2 -\:-~,--

~··v2 

+ ¢; 

¢ 

:::<or the case Hhere 13 <- '!.!: ' equation II-1 zi~le s 
2 

II-J 

.::'here.fore, if B > 

:-'or the case 1:~1ere 

II-5 

:'herc:o:"e if 3 < 

L~ .21 

11 - B'IT 

~ 5.::.:v , sinusoidal oneratio~'l is possible only if 
2 

o( > ¥' , equation II-2 reduces to 

• 5Y..'~v2 , sinusoidal operation is possible only if 

... .,....-
.:.. .... v 

2 
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